1. INTRODUCTION {#SEC1}
===============

When analysing time-to-event data, it often happens that a certain proportion of subjects will never experience the event of interest. For example, in medical studies where one is interested in the time until recurrence of a certain disease, it is known that, for some diseases, some patients will never suffer a relapse. In studies in econometrics on duration of unemployment, some unemployed people will never find a new job, and in sociological studies on the age at which a person marries, some people will stay unmarried for their whole life. Other examples can be found in finance, marketing, demography, and education, where each time there is a certain proportion of subjects whose time to event is infinite; they are said to be cured. Since classical survival models implicitly assume that all individuals will eventually experience the event of interest, they cannot be used in such contexts, as they would lead to incorrect results such as overestimation of the survival of the non-cured subjects. This is why specific models, called cure models, have been developed.

In order to model the impact of a set of covariates on the time-to-event variable, two main streams of cure models, as well as proposals that overarch both, can be found in the literature. The first is the so-called mixture cure model, which supposes that the conditional survival function is $\documentclass[12pt]{minimal}
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}{}$x_1$\end{document}$ is another set of covariates, possibly with common components. This model has been studied by, among others, [@B3], [@B2], [@B13], [@B18], [@B29], [@B25], [@B28], [@B24] and [@B21]. A second class of models is based on an adaptation of the [@B11] model to allow for a cure fraction. It is called the class of promotion time cure models and supposes that $$\begin{array}{l}
{S(t \mid x) = \exp\left\{ {- \theta(x)F(t)} \right\},} \\
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}{}$t$\end{document}$ tends to infinity, and an intercept would therefore not be identifiable. References on the promotion time cure model include [@B36], [@B30],[@B31], [@B32]), [@B9], [@B16], [@B33], [@B37] and [@B8].

In this paper we consider the promotion time cure model ([1](#asw054M1){ref-type="disp-formula"}) in which we leave $\documentclass[12pt]{minimal}
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In addition to being exposed to censoring, the data can also be subject to another type of incompleteness. As is often the case in practice, some continuous covariates are subject to measurement error. For instance, in medical studies the error can be caused by imprecise medical instruments, and in econometric studies variables like welfare or income often cannot be measured precisely. Although measurement error is rarely taken into account, ignoring it can lead to incorrect conclusions ([@B7]). In order to deal with this measurement error, some assumptions about its form are necessary. We consider a classical additive measurement error model for the continuous covariates, so that we have, for the whole vector of covariates, $$\begin{array}{l}
{W = X + U,} \\
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}{}$V$\end{document}$ corresponding to covariates with no measurement error, including the noncontinuous covariates and possibly some continuous ones, are set to 0. It is also assumed that $\documentclass[12pt]{minimal}
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}{}$U$\end{document}$ is assumed to be normally distributed, ([2](#asw054M2){ref-type="disp-formula"}) is the measurement error model studied, for example, by [@B10] and [@B22].

Methods designed to deal with measurement error in the covariates can be classified into structural modelling and functional modelling approaches ([@B7]). In structural modelling, the distribution of the unobservable covariates $\documentclass[12pt]{minimal}
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In this paper we use the so-called simulation-extrapolation, or simex, approach to correct for the measurement error. The basic idea of simex has two steps. In the first we consider increasing levels of measurement error, and simulate a large number of datasets for each level. At each level we estimate the vector $\documentclass[12pt]{minimal}
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}{}$\beta$\end{document}$ of regression coefficients ignoring the measurement error. In the second step we extrapolate the estimators corresponding to the different levels of error to the situation where the covariates are observed without error. This algorithm, proposed by [@B10], has a number of advantages; see §[6](#SEC6){ref-type="sec"}. The method has been considered in many different contexts. In survival analysis, it has been used in the Cox model ([@B7]), the Cox model with nonlinear effect of mismeasured covariates in a 2006 Johns Hopkins University working paper by Crainiceanu et al., the multivariate Cox model ([@B14]) and the frailty model ([@B19]), but, as far as we know, not in cure models. It has also been applied to nonparametric regression ([@B6]) and to general semiparametric problems ([@B1]) where if $\documentclass[12pt]{minimal}
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To the best of our knowledge, the problem considered in this paper has previously been addressed only by [@B22], who also studied a promotion time cure model with right-censored responses and mismeasured covariates. But instead of using the simex approach, they introduced a corrected score approach to deal with the measurement error in the covariates. Their approach yields consistent and asymptotically normal estimators when the measurement error variance is known and the error is normally distributed. However, their method only works for the specification $\documentclass[12pt]{minimal}
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2. METHODOLOGY {#SEC2}
==============
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The general idea of the simex algorithm consists in adding successively increasing amounts of artificial noise to the covariates subject to measurement error, estimating the model without taking the measurement error into account, and extrapolating back to the case of no measurement error. Two types of parameters have to be chosen: the levels of added noise $\documentclass[12pt]{minimal}
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The simex algorithm for the promotion time cure model is as follows.
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We then choose an extrapolant, e.g., linear, quadratic or fractional, for each parameter, i.e., for each element $\documentclass[12pt]{minimal}
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 & & {\,(d = 1,\ldots,D;\mspace{9mu} k = 1,\ldots,K),} \\
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Finally, we obtain the simex estimated values $$\begin{array}{lll}
{{rCl}{\hat{\beta}}_{\text{SIMEX}}} & {\, =} & {\,\lim\limits_{\lambda\rightarrow - 1}g_{\beta}({\hat{\gamma}}_{\beta},\lambda)\text{.}} \\
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We use the results of [@B37] and [@B22] to estimate the model parameters $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$F$\end{document}$ when there is no measurement error in the covariates. They show that the loglikelihood of the promotion time cure model without measurement error is $$\begin{array}{cl}
{\ell = \sum\limits_{i = 1}^{n}} & \left\lbrack {\delta_{i}I(Y_{i} < \infty)\left\{ {- F(Y_{i})\eta(X_{i}^{T}\beta) + \log p_{i} + \log\eta(X_{i}^{T}\beta)} \right\}} \right.\, \\
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The parameters can then be estimated by solving the score equations related to the likelihood in which the baseline cumulative distribution function is replaced by a step function.

If interest also lies in estimating the baseline cumulative distribution function $\documentclass[12pt]{minimal}
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3. ASYMPTOTIC PROPERTIES {#SEC3}
========================

We present some theorems regarding consistency and asymptotic normality of the simex estimators of the regression parameters $\documentclass[12pt]{minimal}
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}{}$F$\end{document}$. Theorem 1 states their consistency; its proof can be found in the [Supplementary Material](#sup1){ref-type="supplementary-material"}. Theorem 2 establishes their asymptotic normality and is proved in the Appendix. Both results rely on the assumption that the true extrapolation function is known, which is rarely the case in practice. As explained by [@B10] and mentioned in §[2](#SEC2){ref-type="sec"}, since the extrapolation function used in the algorithm is often an approximation to the true one, we will obtain an estimator which converges in probability to some constant that is approximately equal to the true parameter. This is sometimes called approximate consistency. In this case, in all the results that follow, $\documentclass[12pt]{minimal}
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*Under the regularity conditions* (C1)--(C4) *of [@B37], by replacing $\documentclass[12pt]{minimal}
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{c\|{\hat{\beta}}_{SIMEX} - \beta_{TRUE}\|\rightarrow 0,\quad\sup\limits_{t \in \mathbb{R}^{+}}|{\hat{F}}_{SIMEX}(t) - F_{TRUE}(t)|\rightarrow 0,\quad n\rightarrow\infty\text{.}} \\
\end{array}$$
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The regularity conditions (C1)--(C4) of [@B37] are the usual constraints pertaining to the independence of the right-censoring variable, the boundedness of the covariate, the compactness of the set of possible values for $\documentclass[12pt]{minimal}
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The variance of the simex estimator can be estimated using the method introduced by [@B27] and summarized, for example, in [@B7]. The variance estimator can be computed as $\documentclass[12pt]{minimal}
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4. SIMULATION STUDIES {#SEC4}
=====================

4.1. Settings {#SEC4.1}
-------------

The objective of our first three simulation studies is to investigate the properties of the proposed estimator in finite samples and to compare it with the naive method based on ([3](#asw054M3){ref-type="disp-formula"}), which does not take measurement error into account, and the corrected score method of [@B22].

In the next three subsections, we focus on our proposed estimator. In §[4.5](#SEC4.5){ref-type="sec"} and in the [Supplementary Material](#sup1){ref-type="supplementary-material"}, we present the results of simulation studies for examining the effect of the choice of the extrapolation function and of the grid of values of $\documentclass[12pt]{minimal}
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4.2. One mismeasured covariate {#SEC4.2}
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The empirical and estimated variances are always quite close to each other, while both the corrected score and the simex approaches yield coverage probabilities close to the nominal $\documentclass[12pt]{minimal}
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4.3. Two mismeasured covariates {#SEC4.3}
-------------------------------
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4.4. A more realistic case {#SEC4.4}
--------------------------

In practice, neither the failure times nor the censoring times can be infinite. Consequently, none of the cured subjects are observed to be cured. The cure threshold, i.e., the largest observed event time, as mentioned in §[2](#SEC2){ref-type="sec"}, is thus needed for the estimation of the model parameters. Moreover, depending on the context, the censoring and cure rates can be much larger than the values considered in the two previous settings. We therefore consider the model $$\begin{array}{l}
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Four different settings are obtained by considering two possible values for sample size, $\documentclass[12pt]{minimal}
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4.5. Impact of the choice of the extrapolation function {#SEC4.5}
-------------------------------------------------------

In order to compare the performance of simex with different choices of extrapolant, we consider the setting in the previous subsection, and we estimate the model parameters using, in addition to the quadratic extrapolant, a linear and a cubic extrapolant. [Table 4](#T4){ref-type="table"} reports the results.
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These findings are consistent with the general behaviour of the simex estimator: the lower the order of the extrapolant, the more conservative the correction ([@B10]). Consequently, the extrapolation function has to be chosen in the context of the bias-variance trade-off; the quadratic extrapolant has seemed to be a good compromise in many cases ([@B10]; [@B7]) and is widely used ([@B15]; [@B19]).

4.6. Robustness with respect to misspecification of the error distribution {#SEC4.6}
--------------------------------------------------------------------------

In this subsection, the effect of a misspecification of the measurement error distribution is investigated through another simulation study, again using the settings of §[4.4](#SEC4.4){ref-type="sec"} with $\documentclass[12pt]{minimal}
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4.7. Robustness with respect to misspecification of the error variance {#SEC4.7}
----------------------------------------------------------------------

We now investigate the behaviour of our estimator when the measurement error variance is misspecified. More precisely, we consider the same setting as in §[4.4](#SEC4.4){ref-type="sec"} with $\documentclass[12pt]{minimal}
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The results, reported in [Table 6](#T6){ref-type="table"}, show that, in these simulations, a misspecification of the measurement error variance has no impact on the estimation of $\documentclass[12pt]{minimal}
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Table 6.Empirical bias, empirical and estimated variances, coverages and mean squared errors for the simulations investigating the robustness of simex with respect to a misspecification of the error variance  $\documentclass[12pt]{minimal}
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5. AORTIC INSUFFICIENCY DATABASE {#SEC5}
================================

We illustrate our methodology on data from patients suffering from aortic insufficiency, a cardiovascular disease. Between 1995 to 2013, 393 patients underwent echocardiography for severe aortic insufficiency at the Brussels Saint-Luc University Hospital, Belgium. These data were collected by one of the authors, C. de Meester, and include information from the diagnosis of the pathology, between 1981 and 2013. %The main event of interest in this study is death from AI. Although aortic insufficiency can be lethal, it is known that a proportion of patients will never die from it. Since the patients considered in this study have no or limited other known morbidity, those who survive for a sufficiently long period after the diagnosis can be considered as long-term survivors. % from their heart disease. The main objective of this study is to investigate the link between the ejection fraction measured at baseline and the survival of the patients. The ejection fraction is the ratio of the difference between the end-diastolic and end-systolic volumes over the end-diastolic volume and therefore measures the fraction of blood which leaves the heart each time it contracts. It is typically high for healthy individuals and is one of the main indicators appearing in the guidelines used to decide whether a patient should be operated on ([@B4]; [@B34]). However, the ejection fraction is measured with error ([@B23]), and this should be taken into account when evaluating its impact on survival.
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Table 7.Regression coefficient estimates, estimated standard deviations and confidence intervals based on the asymptotic normal distribution for the aortic insufficiency dataEstimateEFGenderAgeSurgerySurgery   (standardized)$\documentclass[12pt]{minimal}
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Fig. 1.Kaplan--Meier estimate (solid) and 95% pointwise confidence limits (dashed) of the survival curve for the patients from the aortic insufficiency database.

We also estimated the model with the logarithm of the ejection fraction instead of this variable in its natural scale, which allows one to take into account the potential case in which the measurement error would be multiplicative rather than additive. The qualitative conclusions are identical: both correction methods yield a larger negative estimated effect of the ejection fraction, compared to the naive method. The estimated coefficients of the covariates without measurement error hardly change.

The parameter most affected by taking the measurement error into account is the coefficient of the ejection fraction. Both methods correct in the same direction. However, the simex approach with a quadratic extrapolant yields a more conservative correction, as reported by [@B7]. This smaller correction is associated with a smaller estimated standard deviation, which is consistent with what was observed in the simulation study, and hence a narrower confidence interval. Correcting for the measurement error increases the size of the estimated effect of the ejection fraction. In the promotion time cure model, a negative coefficient implies an increase in the cure probability and in survival at all times, when the value of the covariate increases. The results hence indicate that, all other things being equal, the higher the ejection fraction, the higher the cure probability and the better the survival for the susceptible subjects. This is consistent with expectations and with existing guidelines, which advise performing surgery when the ejection fraction is below a given threshold ([@B4]; [@B34]). As far as the surgery strategy is concerned, our results indicate better survival for patients having undergone surgery more than three months after the discovery of the disease, and the worst for those with surgery within the first three months, although the effect is reduced when measurement error is taken into account. These results should, however, be interpreted carefully. First, the patients having undergone surgery more than three months after the discovery of the disease have, by definition, lived at least three months after the discovery of their disease. Second, and probably more importantly, the two groups are not comparable at baseline, as the decision of whether to operate immediately was taken according to existing guidelines, based on the prognosis of the patients. Therefore, the worse survival for patients having surgery within the first three months can be explained by the fact that 80% of these patients met at least one of the guideline criteria for surgery, including the presence of symptoms in 62% of them. The survival of severe aortic insufficiency patients with symptoms is worse than for those without ([@B12]), as also observed in post-operative survival ([@B17]).

We also considered introducing an interaction between the ejection fraction level and the surgery strategy. However, an interaction term between a mismeasured covariate and a correctly measured one is actually a mismeasured covariate whose variance depends on the latter covariate. The simex algorithm can easily be tuned to accommodate such a case and yield parameter estimates; however, our asymptotic results do not then hold. Nevertheless, the bootstrap could be used to perform inference on the estimated parameters. It is unclear how to modify the method of [@B22] to allow a dependence between an error term and a covariate. In [Table 8](#T8){ref-type="table"}, we report the results for this model. When the measurement error is not taken into account, one of the interaction terms is significant, and its introduction modifies the significance of other parameters. The estimated parameters obtained with simex are also reported: as before, the correction leads to estimated effects of higher size for the mismeasured covariates, but also for the covariates included in the interaction terms. We observe a negative estimated effect of the ejection fraction on the survival for patients with surgery after more than three months, as well as for those without surgery: this means, as in the previous model, that a higher value of the ejection fraction is associated with better survival. This effect is less impressive for patients without surgery. According to the naive estimates, there is no significant effect of the ejection fraction in the patients having undergone surgery within the first three months, probably because these patients are operated on due to the presence of symptoms, as explained in the previous paragraph, independently of their ejection fraction.

Table 8.Regression coefficient estimates, estimated standard deviations and confidence intervals based on the asymptotic normal distribution when interaction terms are included in the model for the aortic insufficiency dataEstimateEFGenderAgeSurgerySurgeryEF $\documentclass[12pt]{minimal}
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6. DISCUSSION {#SEC6}
=============

The simex algorithm has several advantages that make it very appealing, especially in applied problems. First, since it allows one to graphically represent the effect of the measurement error and of the correction on the bias, it helps justify the need for a correction. Secondly, its intuitive nature makes it appealing in applied problems, particularly to users not familiar with the issue of measurement error. Finally, the scope of the correction can be tuned, making a conservative correction possible. Compared to the alternative approach introduced by [@B22], simex can be applied to a broader class of models, since $\documentclass[12pt]{minimal}
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}{}$\theta(x)$\end{document}$ can take any parametric form, including non-penalized fixed-knot B-splines. Also, when using the simex approach, the additive error can have any distribution, whereas [@B22] only study the normal case in detail. Moreover, the practical implementation of the simex method is easier, since it only requires software to estimate the parameters of the model without measurement error.
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Proof of Theorem 2 {#SECA-1}
------------------

For showing the asymptotics under this model, we follow the approach proposed by [@B37], using $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$G(\cdot)=\exp(- \cdot)$\end{document}$. In the case of no measurement error, the loglikelihood function is $$\begin{array}{ccl}
{{rCl}\overset{\sim}{\ell}(\beta,F)} & {\, =} & {I(Y < \infty)\left( {\delta\log f + \delta\log\left\lbrack {- G^{\prime}\left\{ {\eta(X^{T}\beta)F(Y)} \right\}\eta(X^{T}\beta)} \right\rbrack} \right.\,} \\
 & & {\left. \,{+ (1 - \delta)\log G\left\{ {\eta(X^{T}\beta)F(Y)} \right\}} \right) + I(Y = \infty)\log G\left\{ {\eta(X^{T}\beta)} \right\}\text{,}} \\
\end{array}$$ where $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$f$\end{document}$ is the density function corresponding to $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$F$\end{document}$. Then, the true $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$(\beta_{\rm TRUE},F_{\rm TRUE})$\end{document}$ maximizes the expected loglikelihood $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$E\{\tilde{\ell}(\beta,F)\}$\end{document}$ over the class $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mathcal{H}=\left\{ (\beta,F): \beta \in B, F \right.$\end{document}$ a cumulative distribution function$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\left.\right\}$\end{document}$, for some compact set $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$B$\end{document}$.

With measurement error, we define $$\begin{array}{ccl}
{{rCl}\ell_{\lambda}(\beta,F)} & {\, =} & {I(Y < \infty)\left( {\delta\log f + \delta\log\left\lbrack {- G^{\prime}\left\{ {\eta(W_{\lambda}^{T}\beta)F(Y)} \right\}\eta(W_{\lambda}^{T}\beta)} \right\rbrack} \right.\,} \\
 & & {\left. \,{+ (1 - \delta)\log G\left\{ {\eta(W_{\lambda}^{T}\beta)F(Y)} \right\}} \right) + I(Y = \infty)\log G\left\{ {\eta(W_{\lambda}^{T}\beta)} \right\},} \\
\end{array}$$ where $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$W_{\lambda}=W+\lambda^{1/2}U^*$\end{document}$ with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$U^*\sim N(0,V)$\end{document}$, and we suppose that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$E\left\{\ell_{\lambda}(\beta,F)\right\}$\end{document}$ has a unique maximizer $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$(\beta_{\lambda},F_{\lambda})$\end{document}$. Therefore, we can follow exactly the same reasoning as in [@B37], replacing $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$X$\end{document}$ by $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$W_{\lambda}$\end{document}$ in all their calculations.

For a fixed $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\lambda$\end{document}$ and a fixed $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$b$\end{document}$, it follows from equation (A.7) in [@B37] that $$\begin{array}{ccl}
{rCl} & & {\,({\hat{\beta}}_{\lambda,b} - \beta_{\lambda})^{T}h_{1} + \int_{0}^{\infty}h_{2}d({\hat{F}}_{\lambda,b} - F_{\lambda})} \\
 & & {\,\quad = - (P_{n} - P)\left\lbrack {\ell_{\lambda,\beta}(\beta_{\lambda},F_{\lambda})^{T}\Omega_{\lambda,\beta}^{- 1}(h_{1},h_{2}) + \ell_{\lambda,F}(\beta_{\lambda},F_{\lambda})\left\{ {\int\Omega_{\lambda,F}^{- 1}(h_{1},h_{2})\, dF_{\lambda}} \right\}} \right\rbrack + o_{p}(n^{- 1/2})} \\
 & & {\,\quad = n^{- 1}\sum\limits_{i = 1}^{n}\psi_{\lambda}(T_{i},W_{i,\lambda,b},h_{1},h_{2}) + o_{p}(n^{- 1/2}),} \\
\end{array}$$ uniformly over all $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$(h_1,h_2) \in S_0$\end{document}$. Here, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$P_n\left\{g(\delta,Y,X)\right\}=n^{-1} \sum_{i=1}^n g(\delta_i,Y_i,X_i)$\end{document}$ is the empirical measure of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$n$\end{document}$ independent and identically distributed observations, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$P\left\{g(\delta,Y,X)\right\}=E\left\{g(\delta_i,Y_i,X_i)\right\}$\end{document}$ is the expectation, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\ell_{\lambda,\beta}(\beta,F)$\end{document}$ is the derivative of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\ell_{\lambda}(\beta,F)$\end{document}$ with respect to $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta$\end{document}$, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\ell_{\lambda,F}(\beta,F)[\int h_2\,{\rm d}F_{\lambda}]$\end{document}$ is the derivative of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\ell_{\lambda}(\beta,F)$\end{document}$ along the path $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$(\beta,F_{\epsilon,\lambda}(t)=F_{\lambda}(t)+\epsilon \int_0^t h_2(u)\,{\rm d}F_{\lambda}(u))$\end{document}$, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\epsilon \in (-\epsilon_0,\epsilon_0)$\end{document}$ for a small constant $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\epsilon_0$\end{document}$, and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$(\Omega_{\lambda,\beta}^{-1},\Omega_{\lambda,F}^{-1})$\end{document}$ is the inverse of the linear operator $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{\Omega_{\lambda,\beta}(h_1,h_2),\Omega_{\lambda,F}(h_1,h_2)\}$\end{document}$ defined in Appendix A.2 in [@B37]. Finally, $$\begin{array}{l}
{cS_{0} = \left\{ {h_{1} \in \mathbb{R}^{D}:\| h_{1}\| \leq 1} \right\} \times \left\{ {h_{2}:\mathbb{R}^{+}\rightarrow\mathbb{R}:\| h_{2}\|_{V} \leq 1,\int_{0}^{\infty}h_{2}(y)\, dF_{\lambda}(y) = 0} \right\},} \\
\end{array}$$ with the total variation of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$h_2$\end{document}$ defined as the supremum over all finite partitions $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$0=t_1<\cdots<t_{m+1}=\infty$\end{document}$, $$\| h_{2}\|_{V} = \sup\limits_{0 = t_{1} < t_{2} < \cdots < t_{m + 1} = \infty}\sum\limits_{i = 1}^{m}|h_{2}(t_{i + 1}) - h_{2}(t_{i})|\text{.}$$

Of course, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$E_{\lambda}\left\{ \psi_{\lambda}(T,W_{\lambda},h_1,h_2) \right\}=0$\end{document}$ for all $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$(h_1,h_2)\in S_0$\end{document}$.
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{c\left\{ {(t,w_{1},\ldots,w_{B})\rightarrow B^{- 1}\sum\limits_{b = 1}^{B}\psi_{\lambda}(t,w_{b},h_{1},h_{2}):(h_{1},h_{2}) \in S_{0}} \right\}} \\
\end{array}$$ is also Donsker, since sums of Donsker classes are Donsker; see [@B35], Lemma 2.10.6. It now follows that the process $$\begin{array}{cl}
{n^{1/2}\left\{ {({\hat{\beta}}_{\lambda} - \beta_{\lambda})^{T}h_{1}} \right.\,} & {\, + \left. \,{\int_{0}^{\infty}h_{2}d({\hat{F}}_{\lambda} - F_{\lambda})} \right\}} \\
 & {\, = n^{1/2}\left\lbrack {B^{- 1}\sum\limits_{b = 1}^{B}({\hat{\beta}}_{\lambda,b} - \beta_{\lambda})^{T}h_{1} + \int_{0}^{\infty}h_{2}d\left\{ {\frac{1}{B}\sum\limits_{b = 1}^{B}({\hat{F}}_{\lambda,b} - F_{\lambda})} \right\}} \right\rbrack} \\
 & {\, = n^{- 1/2}\sum\limits_{i = 1}^{n}B^{- 1}\sum\limits_{b = 1}^{B}\psi_{\lambda}(T_{i},W_{i,\lambda,b},h_{1},h_{2}) + o_{p}(1)} \\
\end{array}$$ converges weakly to a zero-mean Gaussian process GP indexed by $\documentclass[12pt]{minimal}
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{cE\left\{ \left( {\ell_{\lambda,\beta}(\beta_{\lambda},F_{\lambda})^{T}\Omega_{\lambda,\beta}^{- 1}(h_{1},h_{2}) + \ell_{\lambda,F}(\beta_{\lambda},F_{\lambda})\left\lbrack {\int\Omega_{\lambda,F}^{- 1}\left\{ {h_{1},Q_{F_{\lambda}}(h_{2})} \right\} dF_{\lambda}} \right\rbrack} \right) \right.\,} \\
{\qquad\left. \,{\times \left( {\ell_{\lambda,\beta}(\beta_{\lambda},F_{\lambda})^{T}\Omega_{\lambda,\beta}^{- 1}(h_{1}^{\ast},h_{2}^{\ast}) + \ell_{\lambda,F}(\beta_{\lambda},F_{\lambda})\left\lbrack {\int\Omega_{\lambda,F}^{- 1}\left\{ {h_{1}^{\ast},Q_{F_{\lambda}}(h_{2}^{\ast})} \right\} dF_{\lambda}} \right\rbrack} \right)} \right\}\text{.}} \\
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{cn^{1/2}\left\{ \begin{array}{l}
{({\hat{\beta}}_{\lambda_{1}} - \beta_{\lambda_{1}})^{T}h_{1} + \int_{0}^{\infty}h_{2}d({\hat{F}}_{\lambda_{1}} - F_{\lambda_{1}})} \\
 \vdots \\
{({\hat{\beta}}_{\lambda_{K}} - \beta_{\lambda_{K}})^{T}h_{1} + \int_{0}^{\infty}h_{2}d({\hat{F}}_{\lambda_{K}} - F_{\lambda_{K}})} \\
\end{array} \right\}} \\
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{cE\left\{ \left( {\ell_{\lambda_{i},\beta}(\beta_{\lambda_{i}},F_{\lambda_{i}})^{T}\Omega_{\lambda_{i},\beta}^{- 1}(h_{1},h_{2}) + \ell_{\lambda_{i},F}(\beta_{\lambda_{i}},F_{\lambda_{i}})\left\lbrack {\int\Omega_{\lambda_{i},F}^{- 1}\left\{ {h_{1},Q_{F_{\lambda_{i}}}(h_{2})} \right\} dF_{\lambda_{i}}} \right\rbrack} \right) \right.\,} \\
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\end{matrix}$$

We consider two particular cases. First, consider the class $$\begin{array}{l}
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{cn^{1/2}({\hat{\beta}}_{\text{SIMEX}} - \beta_{\text{TRUE}})\longrightarrow{\overset{˙}{g}}_{\beta}(\gamma_{\beta}, - 1)\left\{ {{\overset{˙}{g}}_{\beta}(\gamma_{\beta},\Lambda)^{T}{\overset{˙}{g}}_{\beta}(\gamma_{\beta},\Lambda)} \right\}^{- 1}{\overset{˙}{g}}_{\beta}(\gamma_{\beta},\Lambda)^{T}N(0,\Sigma_{\beta}),} \\
\end{array}$$ with variance $$\begin{array}{l}
{c\Sigma = {\overset{˙}{g}}_{\beta}(\gamma_{\beta}, - 1)\left\{ {{\overset{˙}{g}}_{\beta}(\gamma_{\beta},\Lambda)^{T}{\overset{˙}{g}}_{\beta}(\gamma_{\beta},\Lambda)} \right\}^{- 1}{\overset{˙}{g}}_{\beta}(\gamma_{\beta},\Lambda)^{T}\Sigma_{\beta}} \\
{\qquad \times {\overset{˙}{g}}_{\beta}(\gamma_{\beta},\Lambda)\left\{ {{\overset{˙}{g}}_{\beta}(\gamma_{\beta},\Lambda)^{T}{\overset{˙}{g}}_{\beta}(\gamma_{\beta},\Lambda)} \right\}^{- 1}{\overset{˙}{g}}_{\beta}(\gamma_{\beta}, - 1)^{T}\text{.}} \\
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{c{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)^{T}\left\{ {g_{t}(\gamma_{t},\Lambda) - \hat{F}(\Lambda,t)} \right\} = 0} \\
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{cn^{1/2}({\hat{\gamma}}_{t} - \gamma_{t}) = \left\{ {{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)^{T}{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)} \right\}^{- 1}{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)^{T}n^{1/2}\left\{ {\hat{F}(\Lambda,t) - F(\Lambda,t)} \right\} + o_{p}(1)} \\
\end{array}$$ for all $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$t$\end{document}$, and hence the process $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$n^{1/2}(\hat{\gamma}_{t}-\gamma_{t})$\end{document}$ indexed by $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$t \in \mathbb{R}^+$\end{document}$ converges to the Gaussian process $$\begin{array}{l}
{c\left\{ {{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)^{T}{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)} \right\}^{- 1}{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)^{T}\mathcal{G}\text{.}} \\
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{cn^{1/2}({\hat{F}}_{\text{SIMEX}} - F_{\text{TRUE}})\longrightarrow{\overset{˙}{g}}_{t}(\gamma_{t}, - 1)^{T}\left\{ {{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)^{T}{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)} \right\}^{- 1}{\overset{˙}{g}}_{t}(\gamma_{t},\Lambda)^{T}\mathcal{G}\text{.}} \\
\end{array}$$

[^1]: Emp. var., empirical variance; Est. var., estimated variance; 95% cv, coverage probabilities of $\documentclass[12pt]{minimal}
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[^7]: SD, standard deviation; C.I., confidence interval; EF, ejection fraction.

[^8]: SD, standard deviation; C.I., confidence interval; EF, ejection fraction.
